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ABSTRACT

‘/} This paper studies the state space representation of time invariant
causal, linear input-output operators in continuous time. A realization

I theorem in the Hilbert space context is established in full generality using
unbounded input and output operators. The first step is to construct an

abstract state space representation with a prescribed input-output behavior.

The second step is to transform this abstract system into a differential
equation. The uniqueness problem is discussed in some detail as well as the

relation to existing results in realization theory. -
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REALIZATION THEORY IN HILBERT SPACE
Dietmar Salamon

1. INT&ODUCTION

The aim of this paper is to study the state space representation of general infinite
dimensional, linear, time invariant, continuous time systems. A time invariant, linear
input-output system is described by a linear operator T which associates with each
locally square integrable input function on the time interval from 0 to + = a
corresponding output function which is also locally square integrable and represents the
system response to the input excitation. A state space representation is, roughly
speaking, a differential equation in some Hilbert space H whose input-output behavior is
described by the given operator T. This is known as the realization problem. Its
motivation comes from the desire to connect the theory of input-output systems with the
control theory for differential equations.

For finite dimensional systems and rational transfer functions the realization

problem has been extensively studied and satisfactory solutions can be found e.g. in
KALMAN-ARBIB-FALB [12], FUHRMANN (8}, [9), KALMAN (11]. The realization of systems with
delays, or more generally systems over rings, has been studied by KAMEN [15], [16], SONTAG
(23), (24], PANDOLFI [17), ROCHALEAU~SONTAG [20], EISING-HAUTUS (7], SPONG (25) and others
using algebraic methods. Distribution theoretic methods have been used in realization
theory by KALMAN-HAUTUS [13] and KAMEN [14]. For general infinite dimensional systems the
realization problem has been studied by BARAS-BROCKETT [2], BARAS~BROCKETT-FUHRMANN (3],
AUBIN-BENSOUSSAN [1] , BENSOUSSAN-DELFOUR-MITTER (4], FUHRMANN [10], YAMAMOTO [26] using
functional analytic methods. 1In all of these papers the input operator B and the output

operator C in the state space representation are bounded. This leads to smoothing

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041. This material is
based upon work supported by the National Science Foundation under Grant No. DMS-8210950,
Mod. 1.
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requirements on the underlying input-output operator 7T [26] and also may result in a

quite complicated construction of the state space (1], [4]. : N
The essential new feature in the present paper is the consequent use of unbounded

input and output operators in the state space representation. Furthermore, the input ‘

space U and the ocutput space Y are allowed to be infinite dimensional. This allows us

to establish a realization theorem for arbitrary time invariant, causal, linear input-

output operators which satisfy a certain exponential bound. The latter condition is

necessary in order to construct a realization whose state space is a Hilbert space.
The realization theorem is derived in two steps. The first step is to represent an

abstract state space system as a differential equation (section 3). The abstrﬁct system

satisfies some standard axioms similar to those introduced by KALMAN-ARBIB-FALB [12]. The

second step is then to construct such an abstract state space system which has a given

input-output behavior (section 4). This construction is done in two different ways and

the relation between the resulting two state space models is discussed in detail. 1In this

context the Hankel operator plays a crucial role. The uniqueness problem for the -

realization is then discussed in connection with various concepts of controllability and

observability (section 5). Furthermore, it is shown how the smoothing properties of the R

Hankel operator are related to the boundedness of the output operator C in the

realization (section 6). In a preliminary section we discuss some basic concepts needed

for a state space theory of infinite dimensional control systems (section 2).

NOTATION

Let X and Y be Hilbert spaces. Then we denote by L(X,Y) and L(X) = L(X,X)
the spaces of bounded linear operators. Lz[o,T;x] denotes the Hilbert space of strongly
measurable, square integrable functions from (0,T) into X factorized by the subspace of
functions which vanish almost everywhere. By ([0,T;X] we denote the Banach space of
continuous functions with the sup norm. w1'2[0,T;x] denotes the Hilbert space of

functions x:(0,T] + X which can be represented in the form
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t
x(t) = x(0) + [ X(s)as , o<t<T,
0

al

. 2
for some X € L"(0,T;X] where the integral is to be understood in the sense of Bochner.

1,2 -
Lioclor";xlu Chclolwlx] and W,’;c[(),"ixl denote the Frechet gpaces of those functions

from [0,®) into X whose restrictions to the interval [0,T] are in Lz[o,-r,x], C(0,T:xX)
and w1'2[0,T1X], respectively, for every T > 0. The natural dual space of Lioc[o,w;x]
is the space Lg [-=,0) of functions in Lz[-,0] with compact support via the pairing

(1.1) <¥b > = [ < vi-t),e() >at
0

2 2 2
for ¢y € Lo[-O,O;x] and ¢ € Lzoclo,";x]. By Lo'kc[n:x] we denote the space of

all functions in Lioc [R;X] whose support is bounded to the left. This space is self

dual via the pairing

(1.2) <P,b > = [ < Yl-t),e(t) >yl

for ¢,y € Lioc [R;X]. For any w € R the Hilbert spaces
-]

2 2 -2

Lo10,=x] = {4 € L] (0,%5X] | { e wtlo(t)lidt < =},
2 2 © 2wt 2

L, [-=,0:X] = {ve Lzoc[-ﬂ,O;x]I g e Ip(-t)hat < w}

are dual to each other via the pairing (1.1). We also introduce the spaces

1.2

1,2
w '“ro,mx) = {¢ e L]

[0,=;x]) I¢l$ e LZ[onu’fx]} ’
1,2 1,2 s 02
W, (-=,0:x] = {ye "zoc{‘”'°'xllv'* e L [-=,0:X]} .

For any interval ICR the shift operator T, on Lioc[ltx] is defined by

{0“1 + 8),
0

t +s5
' t + 8

eI,
(Tt¢)(8) - ¢,
for t €R, s8€1, ¢pe Lioc[I;Xl. The symbol X1 stands for the characteristic function

of the interval I.
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2. STATE SPACE THEORY

In this section we give a brief overview over the basic concepts in a state space
approach for time invariant, linear, infinite dimensional control systems. In order to
prepare the grounds for a realization theorem in full generality we will have to deal with
unbounded input and output operators. More precisely, we consider the control system

described by the differential equations

x(t) = Ax(t) + Bu(t) , x(0) = Xy ¢

(2.1)
y(£) = cul = A7 (ix(t) - X(e)) + T (e ,

with input u(t) € U, output y(t) € Y and state x(t) € H. All three spaces U, H, Y
are Hilbert spaces and we assume that A is the infinitesimal generator of a strongly
continuous semigroup S(t) € [(H). Furthermore, we consider W = D(A) C H and

V* = D(A*) C H* as Hilbert spaces with the respective graph norms so that
WCHC V

with continuous, dense injections. Of courge, S(t) is a strongly continuocus semigroup
on all three spaces W, H, V and A can be considered as a bounded operator
A€ [(WH) N L(H,V). Finally, we assume that the opeators B € L(U,v), C e L(W,Y) and

Tu € L(u,Y), u , ag(A), satisfy the compatibility condition.

(2.2) T, - T, = (A = W - o -a" s

for A,u # O(A). This condition guarantees that the expression for the output in (2.1) is
independent of the choice of # g(A). We also point out that the output equation in
(2.1) only makes sense if the solution

t
(2.3) x(tixy,u) = S(t)x, + | S(t-s)Bu(S)ds, t > 0 ,
0
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of (2.1) is continuously differentiable in H. If that is the case then we denote the

output of (2.1) by
(2.4) y(t;xo,u) = C(uI-A)-1(ux(t:xo,u) - Ax(t;xou) - Bu(t)) + Tuu(t), £t 3> 0.

In particular, equation (2.4) makes sense whenever u(°+) € wz'z[O,T:U] and

Axo + Bu(0) € H.

DEFINITION 2.1

The semigroup control system (2.1) is said to be well posed if for every T > 0

there exists a constant cp > 0 such that the inequalities

t
2 _ 2 2 2
Ix(tixg,udly < cf [lxolH + £ tu(s) i ds] ,

T 2 2 2 T 2
g Vy(sixgu)lids < cp [Mxgl, + £ tu(s)ias] ,

hold for all x € H, u(+) @ w2'?[0,7,U] with Ax, + Bu(0) € H and all t e [0,T].

4}

For a wellposed system (2.1) we introduce the associated input/output operator

T: L:oc[o’.'ul -+ L:OC{O,“:Y} which is defined by

(2.5) Tu = y(*;0,u) .

This is possible by continuous extension of the expression y(t;xg,u) to arbitrary

x, €H and ue Lioc[0.°iU] using the inequality in Definition 2.1. We also introduce

2
the input-state map B : Lg[-ﬁ,O;U] *+ H and the state-output map C : H - LloclolﬂiY]
defined by
® 2
(2.6) Bu = [ s(t)Bu(-t)at , u e Lyl—=,0;0) ,
0
(2.7) Cxo(t) = CS(t)x0 ’ t >0, Xg ew.




The composition H = (B of these operators is usually called the Hankel operator of the

control system (2.1).

At the end of the section we collect a few fundamental properties of wellposed semigroup

control systems.

LEMMA 2.2

Suppose that the system (2.1) is wellposed and let > Wy = lim t”'loglS(t)l. Then

o

the following statements hold.

(1) If x,eH and u € t2[0,T/U) then x(*) = x(*ixqu) € C{0,T:H]

0

w'e2[0,7;v] satisfies equation (2.1) in the space V for almost every t € [0,T].

(41) If u e w''?[0,TiUl and Ax, + Bu(0) € H, then x(+ix,u) € ¢'to,mem1,

0

y(':xo,u) e W1'2[0,T;Y] and ﬁ(t)xo,u) = x(tjAx +Bu(0),6), ;(t)xo,u) =

0

y(t;Ax +Bu(0),u) for (almost) every t e [0,T).

0

(iii) There exists a constant ¢ > 0 such that the inequalities

an
2wt 2 2 2

<
g e 1cs(e)x lat € ey
T T,

1 s(t)pu(-t)aed? < o2 [ ot
0 0

2
H Iu(-t)ludt

1,2
hold for every x, € W every T > 0 and every uew ‘“[-T,0;U] with u(-T) = 0.

PROOF: The statements (i) and (ii) have been proved in [22, Lemma 2.5]. In order to

establish statement (iii) let us first note that US(T)N < T for T> 0 sufficiently

large. Hence we obtain from the inequality in Definition 2.1 that
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[ e ucs(erx 12t
o 0

o T
= ) [ e % 2wkTICS(t)S(kT)x0I§dt

k=0 0

o T
< l e-2lukT f

1CS(t)S(kT) x 124t
. ! o'y

= C

eZwT(esz
T

2=, 2
1S(T)0°) " Tix 0

for Xy € W. The second assertion in statement (iii) follows by duality. D

Statement (‘.1) i the previous Lemma says that the range of C 1lies in Li[O,ﬂ;\.'}

and that B extends to a bounded operator on L(i[-ﬂ,O;U] . Therefore we obtain the
following commuting diagram

2 H 2
Lw(-',O;U] —— Lm[0,°;Y]

N,

(i) If X e w then ¢ = (fx ew [0,“',! and Q = CAX .
— — 0 — [} w 0

(ii) 1If wew:"zt-“,owl with ¢(0) =0, then yew and ABY = .

1
PROOF: Statement (i) follows immediately from Lemma 2.2. If V¢ € Ww'z[-w,o;ll] is
supported on [-T,0] and satisfies Y(0) = 0 then it follows also from Lemma 2.2 with

ult) = y(t-T), t » 0, that BY = x(T;0,u) € W and ABY = x(T;0,u) = x(T;0,u) = B). 1n

-7-




general, statement (ii) follows from the fact that the functions in w;'z[-,o,u] with

compact support are dense and that A is a closed operator on H. [:]

A more detailed discussion of semigroup control systems of the form (2.1) can be
found in SALAMON (22]. Furthermore, it is shown in [22]) how large classes of partial and
functional differential equations can be represented in the framework of equation (2.1).
For the fundamental properties of strongly continuous semigroups the reader is referred to
PAZY (18]). The Hankel operator plays a central role in the extensive studies by FUHRMANN
[10] on discrc. » and continuous time systems in Hilbert space with bounded input and
output operators. For systems with unbounded input and output operators the Hankel

operator has recently been studied by CURTAIN (5].

PR TP D DRI T W WPy T
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3.

A REPRESENTATION THEOREM

A time invariant, linear control system consists of three Hilbert spaces U, H, Y

and two continuous, linear maps

2
H x LzOC[O'Q;U] — %C[OIE;H]

(xo,u) —— x(';xo,u)
Hox L3 (0,=0) ——> L2 (0,5¥]
(xo,u) — y(‘;xo.u)

which satisfy the following conditions.

1.

3.

CAUSALITY
u{t) = 0¥t < T => x(t;0,u) =0, y(t;0,u) =0 ¥ t<T.
INITIAL CONDITION

2

x(0;xqg,u) = X ¥x . €H Vuel

0 zoc[o'w;U} :

TIME INVARIANCE
x{t+s;xqg,u) = x(t;x(s;xo,u),rsu) .
yl{t+s;xg,u) = y(t;x(s;xo.u),fsu) B

Vx,€H Vue Lioc[o,w;ul Vit,s>0.

This definition is similar to the one given by KALMAN-ARBIB-FALB [12] and every

wellposed semigroup control system of the form (2.1) satisfies its requirements. The

converse statement is formulated in the following Theorem,

THEOREM 3.1

Every time invariant, linear control system can be represented in a unique way by

operators A, B, C, ’I‘u via (2.3) and (2.4).

The remainder of this section is devoted to the proof of this result. The main tool

is the next ILemma.




2
y = Lm+€[0,°;Y] for any € > 0. The only possibility that this concept is independent

of the choice of the space Y is that the system I 1is continuously observable in finite

time. This is however a much more restrictive assumption. It means that the operator
. . 2
which maps x, @ H into the output segment y(';xo,O) € L (0,T;Y] is injective and has a

closed range for some T > 0. The existence of a realization of T with this property

requires that there exist constants T > 0, M > 1, ® 2 0 such that the following

inequality holds for all t » 0 and all ¢ € Lé[-@,O:U]

e+ 2 wt T 2
(5.2) [ "HWs)Ids < Me [ T Hyls)N as .
t ¥ 0 ¥

This condition is also sufficient (see YAMAMOTO [26, Theorem 7.4] for the single input-

single output case).

EXAMPLE 5.1

Let Q. > 0 be a summable sequence such that

a . . L] .« a
.O * ° ln
(5.3) rank s L, : =n+ 1 ¥VneEN.,
a sy
Then the input-output operator T on Lg loc[nl defined by
’
-]
(5.4) u(t) = ] ault-n)
n=0
is w-stable with w = 0. Furthermore, for any T > 0 and any ¢ € L2[0.T] there exists
a (unique) ¢ € LZ[‘TpO] such that Hy{t) = ¢(t) for 0 < t < T. This shows that there

is no inequality of the form (5.2} for the Hankel operator H associated with (5.4).

Therefore the realization constructed by YAMAMOTO (26) does not have a Hilbert space as a

state space in contrast to our result (Theorem 4.3). This is a consequence of his concept

of continuous observability in the output space Y= Lioclolwlo In other words the state

2

space of the realization is chosen to be the closure of range #H in Lloclo'm] rather

than L2l0,°] and is therefore not a Hilbert space. The construction in {26] leads to a

Hilbert space if and only if condition (5.2) is satisfied.

~23=




fhis operator will not be an isomorphism, in general, unless the original Hankel operator
H : HU — HY has a closed range. 1In fact, it has been observed by BARAS-BROCKETT-
FUHRMANN [2] that two canonical realizations need not be isomorphic. One way out would be
:0 introduce a stronger notion of observability or reachability. This approach has been
>roposed by YAMAMOTO [26] and can in our context be for mlated as follows.

Let the control system I = (A,B,C,Tu) be given and let the operators
B : Lg[-“,O:U] + H,C: H~» Lioclo,O;Y] be defined by (2.6) and (2.7) respectively.
Furthermore, let {{D> Lé[-a,o;ul and Yy C Lioc [0,2;Y] be complete topological

rectorspaces such that B extends to a continuous linear operator from U into H

ind C maps H continuously into Y. Then I is said to be exactly U - reachable

if BU = H. It is said to be continuously Y - observable if it is observable and C has a

:losed range in Y. The latter concept has been used by YAMAMOTO [26] with
/= Lioc[O,B;Y].

Note that the system ZY is in fact continuously Y - observable with Y= X;IO,H;Y].
.ikewise, the system EU is exactly U - reachable with U = Lj[-ﬁ,O;U]. Therefore the
reduced system ZY is reachable and continuously Y - observable.

Now suppose that L[ = (A,B,C,Tu) is any other realization of T which is reachable
ind continuously Y - observable. Then the associated operator ( : H+ Y = Hy has a

:losed range and B : Lg[-O,O;U] + H has a dense range. By (5.1), this implies
ﬁy = cl(range H) = cl(range C B) = range C.

rherefore C :H + ﬁy provides an isomorphism between the systems I and EY (compare
iiagram (4.10)). 1In the same spirit one can prove the existence and unigueness for
realizations which are either observable and exactly ( - reachable or reachable and
continuously Y - observable for any suitable space (I or VY.

In my opinion, however, the concepts of continuous Y - observability and exact

- reachability are much too strong for infinite dimensional system. For example, the

control system ZY of Theorem 4.3 will in general not be continuously Y - observable with

-22-
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5. OBSERVABILITY AND REACHABILITY

A semigroup control system I = (A,B,C,Tu) of the form (2.1) is said to be

observable if the unobservable subspace
N = {x0 e Hly(t:xO:O) =o0vt >0}

is zero. It is said to be reachable if the reachable subspace

2

= >
R = {x(t;0,w)|t > 0, u e Lioc

{0,=;u]}

is dense in H. Any semigroup control system can be made canonical that is reachable and
observable by restricting the state space to cl(R) C H and then factorizing it through
the subspace cl(R) N N. This procedure does not change the input-output operator T
which corresponds to L.

Note that the semigroup control system IY of Theorem 4.3 is already observable and

its reachable subspace is

2
Ry = {Hvlv e L= 05u)} c 1,

(Compare formula (4.2)). Likewise, the semigroup control system IU of Theorem 4.4 is

reachable and its unobservable subspace is

NU-{weuulﬂwso}cuU

{compare formula (4.5)). Applying the above procedure to these systems we obtain two

canonical realizations ZU and zy in the Hilbert spaces

(5.1) HU = Hu/ker H, HY = cl(range H).
These are related by the (reduced) Hankel operator

B H - .
HE By By

-21=
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MANITIUS [6), SALAMON (21], PRITCHARD-SALAMON [19])). Here the output plays the role of
the forcing function and the input the role of the initial function.

Now suppose that the input-output operator T is realized by a third semigroup
control system I = (A,B,c,'ru) where A generates a semigroup S(t) € L(H) of
exponential type W, = lim t-1’-oq|5(t)l < w. Then the Hankel operator H can be

t+o
decomposed in the form

where the operators
B e L(nU,n) N LW, W) n L(vU.v)

C e L(H,HY) N L(w,W) N LV, Vy)

are defined by (2.6) and (2.7) (see Lemma 2.3). These operators make the following

diagram commute.

Su(t)
v, D 5w
B, v- Wy Hy v c
1 8 l' S(t) \lv 8 l \
(4.10) U =By v o 1 H 5 W —S, y
N" C l Sy(t) l c 1/
vy O Hy >Ry > Wy Y

«20=
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Likewise, the control system (4.4), (4.5) is represented by the following spaces and

operators
" 2 » 2
HU = L¢['“,OIU] ’ HU = waolg’ul ’
»
W, = {vew!?i-=,001|40) = o}, v, = w‘;’z[o,w;u] ,
. N .
(4.7) < AV =V, A =9,
* -—
SU(tW = Tt“ ] SU(t)¢ = Tt¢ ’
*
L cy¥ = Hw(o) , By = ¢(0) ,

-
for ¢ € WU and ¢ € VU. This system will be denoted by ZU.

Both systems have the same transfer operator Tu which may be defined in terms of

the Laplace transform, that is

[
-1 -
uT) f e uty(tru

0

(4.8) Tu, = u(l-e

u% oX[o, ) 4¢

for ujy €U, T >0 and Rey sufficiently large.

If the input-output operator T is w-stable then the Hankel operator
H e L, H) n Liwg,wy) 0 Lvy,vy)

(Lemma 4.2) provides a natural homomorphism between the systems ZU and Zy. More

precisely, the following diagram commutes

Sylt)
——————

V. OH H
y U u U
(4.9) u
H Hy

]

H Y

Sy(t)
——————

£ b—— g

e

Y

2

Note that the role of the Hankel operator in this context is very similar to the role of

the structural operator F in the theory of functional differential equations (DELFOUR-

-19~-




PROOF: As our state space we choose H = L:l-',O}U] and define

(4.4) x(trpu)(s) = {$(EVE)r 8 €€
(4.5) y{tiv,u) = Hy(t) + y(tsu) ,

for V€ H, ue L:OCIO.’rUl: t € 0. These maps define a time invariant linear control

system in the sense of section 3 and hence the statement follows from Theorem 3.1. o

Note that both in Theorem 4.3 and in Theorem 4.4 the constructed semigroup operator

S{t) has exactly the norm ewt- This allows the following conclusion.

COROLLARY 4.5

Let T be a time invariant, causal, linear input-output operator and let wo € R be

given. Then the following statements are equivalent.

(i) T is w-output-stable for all w > Wy

(11) T is _w-input-stable for all v > @

0
ilii) T is w-stable for all w > w

PRI YR 0°

We obtain from Theorem 3.1 that the control system (4.2), (4.3) is represented by the

following spaces and operators

rn = 1.2[0,=;¥) H = L2[=,0;Y]
Y wt’ ? ’ Y w AR} .
1,2 * 1,2
Wy = W O10,@Y] vy = {vew “r=,0¥1]v0) = o},
. » .
(4.6) < AY‘ =¢ , AY* -y,
*
Sy(t)s = 1.6, S (t) = 1.9,
L ] *
CYO = 4(0) , BYW = H v(0) ,

»
for ¢ € wY and ¢ e Vy. This system will be denoted by Zy.

-18-
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x(t+s8;4,u)

+

Tevn? ¥ Teag¥(T19°X (0, ¢ 4a))

= Tt:(l's0 + Tsy(.'“.xlo,s] )) * Tt#sy("u'x[s,u-sl)

Tex(srd,u) + T L y(o1T_ T (uex g 4407))

= Tx(s16,u) + Tyler(Tu)ox (g )

x(t;x(s,¢,u).‘fs\1) ’
and

y(t+s;é,u)

¢{t+s) + y(t+s;u)

d(t+s) + Y(t+81“‘x[0's]+T_sT u)

(140 + Toy(oiuex (g 4)))(0) + y(tiT W

y(tix(si,u), T 0) . A
The next result is strictly dual to Theorem 4.3 and we will only indicate the main
idea of the proof.

THEOREM 4.4

Every W - input-stable, time-invariant causal, linear input/ocutput operator can be

realized by a wellposed semigroup control system of the form (2.1).

-17-




LEMMA 4.2

let T be any time invariant, causal, linear input-output operator. Then the

following statements hold

1,2
foc

2

1) 1£ uew2mul 01§ 4oc®WU] then y = Tu e w/ TRVl ana y = Ta

(ii) If T 4is w-input-stable and wew:,'zl-,OxUl with ¥(0) = 0, then

o= Hyew2o,¥] with $ = HY.

PROOF: The proof of statement (i) is strictly analogous to that of Lemma 3.2 and

statement (ii) follows from density considerations as in the proof of Lemma 2.3. a

If T is the input-output operator associated with a wellposed semigroup control
system of the form (2.1) via (2.5) then we say that T is realized by the control system

(2.1), respectively by the operators A,B,C,Tu.

THEOREM 4.3

Every w-output-stable, time invariant, causal, linear input-output operator can be

realized by a wellposed semigroup control system of the form (2.1).

PROOF: As our state space we choose H = Li[O.':Y] and define
(4.2) x(tsd,u) = Tt‘ + ‘tY"'“°X[o,:]’ ¢

(4.3) y({tid,u) = ¢(t) + y(t;u)

for ¢ @ H, ue L:OC[O,-zul, t > 0. Then equation (2.5) is an immediate consequence of

(4.3). In view of Theorem 3.1 it therefore remains to show that the maps (4.2) and (4.3)
define a time invariant, linear control gystem in the sense of section 3.‘ The maps are
obviously continuous and linear and satisfy the initial condition x{(0;¢,u) = ¢.

Now suppose that u(t) = 0 for t < T. Then x(t;O0,u) = Tty(-yo) = 0 and
y(t;0,u) = y(t;u) = 0 for t € T. This proves the causality and hence it remains to show

that the system (4.2), (4.3) is time invariant. 1In fact, we obtain

-16~
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associated with the extended input~output operator T. This operator is obtained by
extending the input u € Lé[-@,O;U] toall of R via u(t) =0 for t > 0 and then
restricting the associated output y = Tu te the interval ([0,»). The Hankel operator

associated with T" is then given by
* 2
HY 2 L2[=,00¥) = L} _(0,~0) .

Note that the Hankel operator, in general, does not give us the complete information about
the input-output behavior of the system. In particular, the Hankel operator which
corresponds to the control system (2.1) only depends on the operators A, B and C but
not on T,. The simplest example of this situation is that U =Y and T is the
identity operator in which case #H is zero. Nevertheless the Hankel operator plays a
crucial role in realization theory. 1In particular, it serves for characterizing the

stability behavior of the input-output operator T.

DEFINITION 4.1 (w=~stability)

let w € R be given. Then the input-output operator T is said to be

(i) w-output-stable, if H maps Lg[-°.0:U] continuously into Lj[O,”iY]:

(ii) w-input-gtable, if H extends to a continuous, linear operator from

2
12{=,0;0] inte Ly [0,=:¥],

(1i1i) w-gtable if H extends to a bounded linear operator from L:[-w,O;U] into

Lf)[O,"tY]-

Of course, T 1is w—input-stable if and only if T is w=output-stable and vice
versa. If T 4is the input-output operator associated with a well posed semigroup control
system of the form (2.1} then it is w-stable for every ® > w, = lim t"long(t)l

t+m

(Lemma 2.2 (iii)).

-15-

s TR




4. REALIZATION

Let the input space U and the output space Y both be Hilbert spaces. A

continuous, linear input-output operator
T:12, (MU —— 12 (my]
0,2%0c 0,%c¢
is said to be causal if the implication
u(t) = 0V et <T ==> Tu(t) =0 ¥t <T
holds for all T @ R. It is said to be time invariant if
(4.1) T = Tt

for every t € R. Given such an operator T we sometimes use the notation y(t;u) =
Tu(t). Note that a linear input-output operator 7 is time invariant and causal if and

only if its dual operator

d 2 2

T Lo'wc[R;Yl — Lo,l,oc[.’ul

has the same properties. At some places we refer to T as the extended input output
operator. Via property (4.1) this extended operator is uniquely determined by its

restriction to the interval (0,®) which we still denote by

2

loclo'-’vl .

T:l"-2

£oc[°'-’u] -+ L

Therefore every semigroup control system I = (A,B,C,Tu) of the form (2.1) determines
a time invariant, causal, linear input-output operator T via equation (2.5). The
purpose of this section is to prove the converse statement.

To this end it is convenient to consider the Hankel operator

H: Lgl-ﬂ,O;UJ — 12 10,%¥)

-14-
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-1 -1
-~ (uI=-n) Buo = (ul=A) [uxo-l\xo-auo) ew

X0

with ug = u(0). Then we obtain

y(0:xq,0)

-1 ~1
= ¥(0:xy=(uI-a) BuO,O) + y{(0; (uI~-n) B“o'“o) + y(O;O.u~uo)

-1
= C(uI-A) (uxo-Axo-Buo) + Ty,

This proves equation (2.4) for t = 0. 1In general (2.4) follows from the time invariance

of the control system. D
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< zo,x(T;O,u) >

T
f < w(T-a,zo),u(s) >Uds

o

T '

- g < w(0;8*(T-8)z( ), u(s) >yds

T
| < B*s*(T-8)z,u(s) > ds
0

U
: T
: = < z,,[ s(1-8)Bu(s)ds >

0 ve,v °

This shows that x(t;xg,u) is given by equation (2.3) for every Xo € H, every
Y u e L%oc[°l-,u] and every t » 0. In particular x('rxo,u) e C‘[O,T)H] whenever

. uwew?0,r0 and Ax) + Bu(0) € H (Lemma 2.2).

4. The operator family Tu

For every u_ € U we have the identity

. 0

A(ux-A)"suo + Bug = u(u:-A)"nuo eH .

Hence it follows from Lemma 3.2 that y(’r(uI-A)-1Buo,u°) € W1’2[0,T;Y] where u; also

denotes the constant function uo(t) 'Y This allows us to define

0°

- -1
(3.6) Tu“o y(0; (uI-a) B“O’“O)

for u; € U and u ¢ 0(A). The resolvent identity

N 1

(u1-a)" !

1

- (A1-2) "V = (A-p) (u1-a) " TOAI-A) T

for u,A € o(A) impliea the compatibility condition (2.2). It remains to establish
1

equation (2.4) for all Xo€H and u ew '2[0,T:U] with Axo + Bu(0) € H. For this

. purpose let us first note that in the case u(0) = 0 we get y(0;0,u) = y(e;0,7 cu) =0

since y(-;o,r_eu) is continuous (Lemma 3.2) and vanishes (almost) everywhere on the

interval (0,e]. 1In the general case we make use of the fact that

-12-
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3. The Operator B

2
For every 2z, € H let us define w('tzo) € Lzoclolﬂlul by the identity

T
(3.3) f < w(T-s;zo),u(s) >yd8 = < 25/%x(T30,u) >

0 H

for every T > 0 and every u € Lz {0,2;U). It follows from the causality and time

foc
invariance that w(t;z;) is well defined. Moreover, the following equation holds for all

z, € H and all ¢,s8 > 0

(3.4) w(t+s:zg) = w(t;s*(s8)zy) .
This is a consequence of the identity

T
g < w(t:S'(s)zo),u(T-t) >udt = S‘(s)zo,x(T;O,u) >H

L}

< zo,s(s)x(T:O,u) >H

= Zgs x(T+s;0,u-x[°'T]) >H

T
< w(T+s~-t;z,),u(t) > dt
? 0

*

v

T
g < w(t+s)zg),u(T-t) >,dt

for u € 0,#;U}. If 2z, @ D(A*) then it follows from (3.4) in connection with Lemma

2
Lloc[
3.2 that w(';zo) € Wl;i[o,*;u] and ;(tllo) = w(t;A*25) for almost every t 2 0. This

allows us to define B € [(U,V) by
(3.5) Bz, = w(031zg), z, e v

Now let u € Lioc[O,-;U] and zo € V* be given. Tnen we obtain from (3.3), (3.4) and

(3.5) that

-11-




LEMMA 3.2

1,2

Let x, € H be the initial state and u € Hm[o.“iul be the input of a time

invariant linear control system. Furthermore, suppose that x(t) = x(t:xo,u) is

continuously differentiable in H for t » 0 . Then y(':xo,u) € w:;:(o,-:vl and

]'((t;xo,u) = y(tn‘c(O),\.x) for almost every t » 0 .

PROOF: Note that h-1(1’hu-u) converges to u in I-z [0,#;U]. Therefore the function

Loc
-1
h (y(t+h;xo,u) - y(t;xo.u))

= y(tm“(x(mxo.u)-xo),h"(rhu-un

converges to y(*:x(0),8) 1in L2[0,T1Y] for every T > 0 as h tends to zero. This

proves the statement of the Lemma. (o)

PROOF OF THEOREM 3.1

1. The operator A

The operators S(t) € L(H) defined by
(3.1) S(t’_)x0 = x(t;xo,O) : ,

for t > 0, x, € H, form a strongly continuous semigroup and we define A to be its

0
infinitesimal generator. Furthermore, we introduce the Hilbert spaces W = D(A) C H

and V* = D(A*) C H* endowed with the respective graph norms so that W C H C V with

continuous dense injections. Then S(t) € L(W)N L(V) and A e L(W,H) N L(H,V).

2. The operator C

1,2
If x, € D(A) then it follows from Lemma 3.2 with u = 0 that y(e1x,,0) €W *“10,TY)

L}
with }.((t:xo,o) = y(t;Axg,0). In particular, y(tixg,0) is continuous and we can define

c e L(wW,Y) by

(3.2) Cxo = y(O;xo,O), xg ew.

-

-10=-
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6. CONTINUITY AND BOUNDEDNESS
For the semigroup control system I = (A,B,C,Tu) the smoothness of the output is

related to the degree of boundedness of the output operator C in the following way.

REMARK 6.1
et I = (A,B,C,Tu) be a well posed semigroup control system and let

C : H+ Lioc[o,n;v] be defined by Cx0 = Cs(t)x, for x, €W and t > 0. Then

0
(i) cel(H,Y) if and only if ¢ maps H continuously into (fzoclo,':vl,
(ii) Cc e L(H,Y) satisfies an inequality of the form

T 2
16.1) . [ 1csteyx piat < cix N

0 oY
for some constants T > 0, ¢ > 0 if and only if C maps H continuously into
1,2
c

%o

[0,=;Y],
(iii) c e L(v,Y) if and only if C paps H continuously into C:oc[o,-rvl.
Note that the assertions (ii) and (iii) follow from the fact that d/dtcs(t)xo =

CS(t)Axy and that pI-A:H +V is an isomorphism for u § o(A).

Conversely, the smoothing properties of the Hankel operator imply the existence of a

realization with a "well behaved" output operator C.

PROPOSITION 6.2

Let T be an w-input-stable, time invariant, causal, linear input-output operator and

let H =Li[-°,0;U] »> Lioc[0.°lY] be the associated extended Hankel operator. Then the

following statements hold.

(i) If H maps Li[-ﬂ,O;U] continuously into (, {0,=:Y] then there exists a

realization I = (A,B,C,T ) of T such_that

(6.2) w= lim ¢!

tr o

logls(t)t

and C € L(H,Y).

~-24-




1
(ii) If # maps Li(-’:O:U] continuously into W252[0,°:Y) then there exists a

realization I = (A,B,C,Tu) of T such that (6.2) holds and C € L (H,Y) satisfies (6.1)

for some constants T > 0, ¢ > 0.

1
(iii) If H maps Li[-“,O:U] continuously into Czoc[OI“;Y] then there exists a

realization I = (A,B,C,Tu) of T such that (6.2) holds and C € L(V,Y).

PROOF: Consider the realization Zu of T given by (4.7). Then

CUSU(t)W =Hyp(t)
for V € H, = Li['"rO:U]- Hence the statements of the proposition follow from Remark 6"'[]

By duality, the properties of the input operator B in the realization are related

to the smoothness of the dual Hankel operator H*.

PROPOSITON 6.3

Let 7 be a time invariant, causal, linear input-output operator with the associated

Hankel operator H and let g € R be given. Then the following statements hold.

i) H' extends to a continuous map from Li[-ﬁ,D;YJ into Cloc[o,-;uj for some

1

w<w if and only if there exists a realization [ = (A,B,c,Tu) of T such that

(6.3) lim t~"logls( V1 < w
Tty

)

and B € L(U,H).

(ii) H' extends to a continuous map from Li[-O,O;Y] into w; z[o,w;Y] for some

’
o]

1

w < w, if and only if there exists a realization 7T = (A,B,c,Tu) of T such that (6.3)
holds and B € L(U,H) satisfies
T

(6.4) 1/ s(T-s)Bu(s)dsl, < luk ,

0 L"{o,T;U)

for some constants T > 0, ¢ > 0.
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(iii) H" extends to a continuous map from Lz[-,01¥] into C;oc[o,-rU] for some

1

w<w if and only if there exists a realization [ = (A,B,C,Tu) of T such that (6.3)

holds and B € L(U,W).

Thus we have characterized those input-output operators T which can be realized by
a state space system in which either the input operator B or the output operator C is
bounded. It seems to be a much more delicate problem to f£ind necessary and sufficient
conditions under which there exists a realization I = (A,B,C,Tu) with both B € L(U,H)
and C € L(H,Y). A necessary condition is of course that T can be represented in the

form

t
(6.5) Tu(t) = Du(t) + [ G(t-s)u(s)ds

-00
where D e L(U,¥) and G(t) e L(U,Y), t » 0, is strongly continuous and satisfies some

exponential bound. A sufficient condition is contained in Proposition 6.2 (iii) and

Proposition 6.3 (iii). Somewhere inbetween lies the following result.

THEOREM 6.4

Let T be a time invariant, causal, linear input-output operator with the associated

Hankel operator H. Let wy € R be given. Then the following statements are equivalent.

(1) He LLit—,001, w)210,%:¥]) for some w < u,.
(ii) H' e L(Li[-a,O;Y], w;'zxo,-;ul) for some w < w,.

(iii) There exist Hilbert spaces Z C X with a continuous, dense injection and

operators A € L(z,X), B e L(u,X), C e L(z,Y), D e L(U,¥Y) such that A is the

infinitesimal generator of a strongly continuous semigroup S(t) e L(x)n L(2) with

lim t-1logls(t)l < Wye Furthermore, the inequalities

Tty
T
(6.6) 1/ s(T-s)Bu(s)dsl, < clul , .
0 L°10,TU]
(6.7) ICS(')xol 2 < clxolx, x0 ez,

L [0,T:Y)
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hold for some constants T > 0, ¢ > 0 and the operator T is given by

t
(6.8) Tult) = Du(t) + C [ 5(t-s)Bu(s)ds, t-C R ,

-

2
for u € Lo,loc[R’U]'

PROOF: Proposition 6.3 (ii) shows that statement (ii) holds if and only if there exists a
realization I = (A,B,C,Tu), with (6.3) and B € L(U,H) satisfying (6.4). But this is

exactly equivalent to statement (iii) with X = H and Z = W. In particular, it follows

from (2.2) that the operator

1

D=T, - c(uI-a)” 'B € L(U,Y)

is independent of u and therefore T is given by (6.8). The equivalence of the

statements (i) and (iii) follows by duality. o

In the remainder of this section we briefly discuss the case that the input space

U=~R" and the output space Y = RP are finite dimensional.

i Note that the second statement of the following theorem is a modified version of a

: result by YAMAMOTO [26].

: THEOREM 6.5

' 2 2

I Suppose that U B, Y=F andlet T : Lo,loc[n’ul + LO,loc[R'Y] be a time

: invariant, causal, linear input-output operator. Then the following statements hold.

- (i) T admits a realization I = (A,B,C,Tu) with either Cc € L(H,Y) or B e L(U,H)
iff T is given by (6.5) with D € ™ and G € L:IO.“:Rmel for some w € R.

! (11) T admits a realization I = (A,B,C,T,) with either C e L(V,Y) or

: B e L(UM) iff T is given by (6.5) with D € ™ ana G e w!'?(0,=,R™ for some

TR

w € R.
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PROOF: If T is given by (6.5) with G € 12(0,=;®"™] then H is given by

(6.9) Hyte) = joc(f.-sw(s)da . t>»0,
-
and therefore maps Li[-",ﬂ;ﬂn] continuously into cloc[ol“'kp]' Conversely suppose
that H maps Li[-’,O;R‘] continuously into C,‘oclo,ﬂvkp]- Then it follows from the
Riesz representation theorem that there exists a function G € Lﬁ[o,-mp""l such that
0

H¥(0) = [ G(-s)y(s)as

-0

for all y € x.i[—-,om“]. Using the time invariance we obtain that H is given by

{(6.9). Now define the input-output operator ; by (6.5) with D = 0. Then the equations
(4.7) show that T and :l" admit the same realization except for a possible difference in
the operators Tll and T . Hence it follows from (2.2) that the matrix

1)

'r“ - "I‘u =pe ™ is independent of y and therefore T is given by (6.5). This

proves statement (i).
. 1,2 P
If T is given by (6.5) with G'€ W, [0, ] then it follows from (6.9) that
Hy e Cloclo,-;lpl for every ¢ € L‘i[-,thnm] and

0
d/at Hy(t) = [ G(t-s)y(s)ds .

Hence T admits a realization [ = (A,B,c,'ru) with C € [(V,Y) (Proposition 6.2 (ii)).
Conversely, suppose that H maps Lz[-,O;llpl continuously into C:.oclo,-rkpl.
Then T is given by (6.5) for some matrix D € RP™  and some function

2
G € Lilo,':ﬁpx‘lo Furthermore, there exists a function K € Lwlor'ikpm] such that

0
a/atH y(t) = [ X(t-s)y(s)ds , t>0,

-t

for all y € Lz[-,om"]- This follows again from the Riesz representation theorem and

from the time invariance. We conclude that

0 T
| (6t1-8) - G(-8) - [ K(t-s)dt)y(s)ds
0

-

T
= HY(T) = H¥(0) - [ d/ae Hy(e)at = 0
0

-28-




for all y € Lﬁ[-’,O;RP] and hence G 1is absolutely continuous with G = K. This

proves statement (ii). 0

It is a much more difficult problem to characterize the requirements of Theorem 6.4

in terms of the function G(t). It follows from Theorem 6.5 that the operator T can be
. . 2 P
written in the form (6.5) with G € Lm[0,°i ] if the statements of Theorem 6.4 are
satisfied. Furthermore, a sufficient condition is that G(t) € P s locally of
bounded variation and satisfies an estimate of the form
(6.10) VAR G < Me“*t
[o,t)

for some w < Wyr M > 1. In this case we have

(6.11) dsat  Hyle) = [ dG(s)y(t-s)
t

for almost every t > 0 and every V € lﬁ[-ﬂ,oxﬂpl- But G need not be of bounded
variation. 1In the same way there exist time invariant, causal, linear input-output

operators T which cannot be represented in the form

(6.12) Tu(t) = [ du(s)u(t-s) , teRr,
0

for some matrix function u{t) of bounded variation.

-29-

e A PN
~ \-'\-‘\- '~

POV AACAT




7. CONCLUSIONS

We have established a quite general realization theorem for infinite dimensional,
linear control systems using a state space approach with unbounded input and output
operators. The whole theory can be developed with minor alterations if the assumption on

w-stability is dropped and the state space is allowed to be a Frech;t space rather than a
Hilbert space. For single-input/single-output systems and bounded input and output
operators this has been done by YAMAMOTO [26}. Example 5.1, however, shows that such an
approach might not always be advantageous.

An interesting and nontrivial problem might be to characterize those input-output
operators T which can be realized by a state space model [ = (A,B,C,Tu) where both the
input operator B € L(U,H) and the output operator C € L(H,Y) are bounded. Results in
this direction have been developed by AUBIN-BENSOUSSAN [1), BENSOUSSAN-DELFOUR-MITTER (4],
FUHRMANN [10].

We also mention the problem of characterizing those operator families Tu which
repregent time invariant, linear input-output operators T in the frequency domain. This
problem has been studied by PANDOLFI (17), ROUCHALEAU-SONTAG (20], FUHRMANN [10] and
others.

Another nontrivial problem seems to be under which conditions the w-stability of the
input-output operator implies the w-stability of the semigroup in the realization.

Finally there is the question of how to deal with non-wellposed input-output

operators.
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